We study the Sunyaev−Zeldovich effect for clusters of galaxies. We explore the relativistic corrections to the Kompaneets equation in terms of two different expansion approximation schemes, namely, the Fokker-Planck expansion approximation and delta function expansion approximation. We show that two expansion approximation formalisms are equivalent under the Thomson approximation, which is extremely good approximation for the CMB photon energies. This will clarify the situation for existing theoretical methods to analyse observation data.
Introduction
The Sunyaev−Zeldovich (SZ) effect [1, 2] , which arises from the Compton scattering of the cosmic microwave background (CMB) photons by hot electrons in clusters of galaxies (CG), provides a useful method for studies of cosmology. For the reviews, for example, see Refs. [3] and [4] . The original SZ formula has been derived from the Kompaneets equation [5] in the non-relativistic approximation. However, X-ray observations, for example, by Allen et al. [6] have revealed the existence of high-temperature CG such as k B T e ≃20keV. For such high-temperature CG, the relativistic corrections will become important.
The theoretical studies on the relativistic corrections have been done by several groups. Wright [7] and Rephaeli [8] have done the pioneering work to the SZ effect for the CG. Challinor & Lasenby [9] and Itoh, Kohyama & Nozawa [10] have adopted a relativistically covariant formalism to describe the Compton scattering process and have obtained higher order relativistic corrections to the thermal SZ effect in the form of the Fokker−Planck expansion approximation. Nozawa, Itoh & Kohyama [11] have extended their method to the case where the CG is moving with a peculiar velocity β c with respect to the CMB frame and have obtained the relativistic corrections to the kinematical SZ effect. Itoh, Nozawa & Kohyama [12] have also applied the covariant formalism to the polarization SZ effect [13] . The effect of the motion of the observer was also studied, for example, by Refs. [14] and [15] .
On the other hand, Brown & Preston [16] studied the leading order relativistic corrections to the Kompaneets Email address: snozawa@josai.ac.jp (Satoshi Nozawa) equation by calculating the Boltzmann equation in the delta function expansion approximation. Although their expansion scheme is quite different from the previous schemes [9, 10] , their leading order corrections on the SZ effect reproduced the previous results [9, 10] .
In this paper, we study the SZ effect for clusters of galaxies. We explore the relativistic corrections to the Kompaneets equation in terms of two different expansion approximation schemes, namely, the Fokker-Planck expansion approximation [17] and delta function expansion approximation [16] . We show that two expansion approximation formalisms are equivalent under the Thomson approximation. This will clarify the situation for existing theoretical methods to analyse observation data. This paper is organized as follows. In Section 2, we study the Boltzmann equation in the Fokker-Planck expansion approximation under the Thomson approximation [17] . We derive analytic expressions for the Boltzmann equation which is identical to Ref. [18] . In Section 3, we investigate the Boltzmann equation in the delta function expansion approximation [16] . Starting from the expression in the delta function expansion approximation, we derive the same expression as the Fokker-Planck expansion approximation. Finally, concluding remarks are given in Section 4.
Fokker-Planck expansion formalism

Boltzmann equation
Let us consider that both the CG and observer are fixed to the CMB frame. Then, the Boltzmann equation for the electron-photon scattering in the CMB frame is written by:
where k = (ω, k) and k ′ = (ω ′ , k ′ ) are the initial and final CMB photon momenta, respectively, and p = (E, p) and p ′ = (E ′ , p ′ ) are the momenta for electrons. In Eq. (1), n(ω) and f (E) denote the distribution functions for the CMB photons and electrons in the CG, respectively. In Eq. (2), α is the fine structure constant andX is the invariant transition probability of the Compton scattering, which will be discussed later in this section. In this paper, we use the natural unith = c = 1, unless otherwise stated explicitly.
According to Ref. [17] , Eq. (1) is simplified in the Thomson approximation as follows:
where
2 /(3m 2 ) and f (E) = N e π 2 p e (E). In Eq. (3), β ≡ p/E is the velocity of the initial electron, γ = 1/ 1 − β 2 , µ =β ·k and µ ′ =β ·k ′ . The invariant transition probabilityX is reduced tō
Note thatX A does not depend on ω and ω ′ . Note also that the Thomson approximation used in deriving Eqs. (3) and (4) is an extremely good approximation for the CMB photon energies.
Applying the Fokker-Planck expansion to n(x ′ ), namely,
one can rewrite Eq. (3) as follows:
where n (ℓ) (x) is the n-th order derivative of n(x).
Calculation in the electron rest frame
Calculation of Eq. (9) can be simplified by applying the following Lorentz transformations between angles in the CMB and electron rest frames [17] :
which givē
Inserting Eqs. (11)- (14) into Eq. (9), one has
Equation (17) can be integrated analytically. We summarize the results up to O(β 10 ) as follows: 
Note that Eq. (16) 
Delta function expansion formalism
Boltzmann equation
In this section, we first review the prescription used in Brown & Preston [16] . Let us start with the following identity relation:
Inserting Eq. (29) into Eq. (1) and eliminating the 4-dimensional delta function, one has
In the Thomson approximation γω/m ≪ 1, Eq. (30) is simplified as follows:
In Eq. (31), the delta function is formally expanded by
is the ℓ-th order derivative of δ(x ′ − x) in terms of x ′ . Inserting Eq. (33) into Eq. (31), one finally has
In Ref. [16] , Eq. (35) was calculated with the delta function identities defined in their Appendix C. Thus, we have shown the expressions for the Boltzmann equation under the Thomson approximation in two different schemes. Although the expressions for I NK (x) and I BP (x) are quite different each other, we will show in the next subsection that these formalisms are indeed identical.
Equivalence of the formalisms
In order to show the equivalence of two formalisms, we start with I BP (x) of Eq. (36) and derive the same expression as I NK (x) of Eq. (10) . Let us first introduce the definition for the ℓ-th order derivative of the delta function:
where φ(x) is an arbitrary function. Then, one can rewrite Eq. (36) as follows:
Equation (38) is further simplified with the relation:
Inserting Eq. (39) into Eq. (38), exchanging the order of summations for j and ℓ, and introducing a new index i by ℓ = j + i, one obtains
In deriving the last equality of Eq. (40), we used
and we took O j (x) outside of the integral with a familiar property of the delta function.
The j-th order derivative of G(x ′ ) is calculated with Eq. (32) as follows:
where 
where j = 0 term was zero because of the relation:
Thus, one finds that two formalisms are equivalent in the Thomson approximation
Conclusion
We studied the SZ effect in the Thomson approximation. In Section 2, we investigated the Boltzmann equation for the photon distribution function in the Fokker-Planck expansion approximation. We derived the analytic formula for the Boltzmann equation which is identical to that obtained in Nozawa & Kohyama [18] .
In Section 3, we studied the Boltzmann equation for the photon distribution function in the delta function expansion approximation [16] . Starting from the expression in the delta function expansion approximation, we derived the same expression as the Fokker-Planck expansion approximation. We conclude that two expansion approximation formalisms are equivalent under the Thomson approximation, which is extremely good approximation for the CMB photon energies. This will clarify the situation for existing theoretical methods to analyse observation data.
